The reduction of 4d matter-gravity theory to S 2 , H 2 or R 2 leads to effective 2d dilatonic gravity with dilaton coupled matter. Spinors give the exceptional example of the theory which is conformally invariant in 4d as well as in 2d, after reduction. We find 4d and 2d conformal anomaly induced effective action (EA) for Majorana spinor. It is expected for some time that s-wave EA (i.e. the one for dilaton coupled 2d matter) is some (s-wave) approximation to 4d EA. We compare such 2d and 4d spinor EAs on the same gravitational background and argue that s-wave EA indeed qualitatively corresponds to no higher derivatives approximation for 4d EA.
It is well-known (see ref. [1] ) that spherical reduction of gravity with matter leads to specific model of 2d dilaton gravity interacting with dilaton coupled matter. For example, 4d minimal scalar after reduction is described as 2d dilaton coupled scalar. The calculation of conformal anomaly as well as anomaly induced EA (which represents part of complete EA) for 2d dilaton coupled scalar has been done in refs. [2] .
It is clear that such EA is given in the approximation where due to spherical symmetry of the problem one neglects the modes corresponding to spherical coordinates. That is why it is called EA in s-wave approximation. It is the hope that this EA in s-wave approximation may qualitatively describe 4d physics (BHs, wormholes or quantum cosmology). The attempts to apply it in the study of quantum properties of 4d BHs may be found in refs. [3, 4] . In some sense such investigation is similar to description of quantum 2d BHs in CGHS and RST models of dilatonic gravity (for a very incomplete list of refs. see [16, 15, 5] ) but now 2d BH with dilaton is interpreted as 4d BH. Interchange of radial coordinate with time in above problem gives the way to apply EA in s-wave approximation in the study of quantum properties of 4d Kantowski-Sacks cosmologies [6] as it was shown in refs. [7] . There is clear analogy here with 2d quantum cosmology as it follows from CGHS or RST-like models [8] . However, despite all these applications the precise correspondence between complete 4d EA (which is very difficult to find) and EA in s-wave approximation (this EA is much easier to obtain) is still lacking.
The purpose of this Letter will be to compare these two EAs and to clarify the reliability of s-wave approximation. Note that for conformally invariant matter one can easily get 4d anomaly induced EA on the arbitrary gravitational background. It is given with the accuracy up to conformally invariant functional which is numerical constant for some backgrounds. On the same time the one-loop EA in s-wave approximation is known [2] for minimal (non-conformal) scalar. Hence, scalar is not good example to make comparison of induced (complete) 2d and 4d EAs. (However, one can compare stress tensors from 4d minimal scalar and from corresponding EA in s-wave approximation).
We consider (Majorana) spinor. In this case 4d anomaly induced EA for conformal spinor is well-known. On the same time the 2d anomaly induced EA for dilaton coupled spinor which corresponds to s-wave reduction of conformal spinor has been found in ref. [14] . Moreover, it actually gives complete EA (no conformally invariant functional appears) as it was shown in ref. [14] .
We compare these EAs for the same 4d gravitational backgrounds and we show that in general they do not match even in the number of derivatives (higher derivatives 4d EA versus s-wave EA which is of second order on derivatives). Nevertheless,we argue that s-wave EA may still be in qualitative agreement with complete 4d EA calculated in the approximation where higher derivatives terms may be neglected.
We will start from the Lagrangian of 4d dimensional (Majorana) spinors:
It is well-known that such theory is conformally invariant. On the quantum level, the conformal invariance is broken, what leads to conformal anomaly [9] 
where square of the Weyl tensor is given by
Having the explicit expression for conformal anomaly one can turn now to the calculation of the anomaly induced EA. Starting from the background with the metric
whereḡ µν is a fixed fiducial metric (reference) one can suppose that all dynamics is included to the conformal factor σ dependence. Then, using the definition of stress-energy trace via some (gravitational) action with explicit help of Eq. (3), one gets
Substituting the metric (3) to Eq. (2) and integrating over σ one finds the anomaly induced EA [10] . This EA may be represented in the non-covariant local form [10] 
where σ-independent terms (generalized integration constant) are not written explicitly. Hence, W is not complete, the only σ-dependence is exactly taken into account. Note that one has to extractR 2 term from the last term in (5) if to use the usual condition that W vanishes at σ = 0.
It may be also presented in covariant but non-local form [10] :
The total one-loop effective action is given as follows
where the second term (conformally invariant functional) cannot be found from the only conformal anomaly. Of course, second term (generalized integration constant) of Γ is covariant one. It is only to show explicitly its conformal invariance we write the argument as tilded metric. Let us give few explicit examples. 1. First of all, we consider conformally flat space, i.e.,ḡ µν = η µν . In this exceptional case, the second term in Eq. (7) is the numerical constant which may be dropped away. Hence, in such case
To even simplify the problem, we suppose that σ depends only on conformal time η. Then
Here V 3 is the (infinite) volume of 3-dimensional flat space,
and σ = ln α where α(η) is the scale factor. It is known that semiclassical Einstein gravity (with quantum corrections described by the action (9)) leads to the possibility of inflation [11] even in the presence of dilaton [12] .
2. Let us consider the situation discussed in ref. [13] whenḡ µν = g (2) µν , g Ω αβ where g (2) µν is an arbitrary two-dimensional metric and g Ω αβ is two-dimensional metric for the space with constant or zero curvature (S 2 , H 2 or R 2 ). Then supposing that σ depends on coordinates from g (2) µν only one gets
W takes the simplest form when g Ω αβ = η αβ , i.e. R Ω = 0. However, even in this case there is an additional, conformally invariant functional Γ which is unknown and which should be added to W to form the complete one-loop effective action (7) . This unknown functional may be found as an expansion (see [13] ) but in this case conformal invariance may be lost. Hence, we presented anomaly induced EA in its explicit form for two metrics which come naturally from cosmological and black hole considerations.
At the next point, we consider the same Majorana spinor Lagrangian (1). Assume the 4d compactified spacetime
where dΩ 2d corresponds to 2d unit sphere S 2 : dΩ 2d = dθ 2 + sin 2 θdϕ 2 or 2d flat space R 2 : dΩ 2d = dydz or unit hyperboloid H 2 : dΩ 2d = dθ 2 + sinh 2 θdϕ 2 and φ depends on coordinates corresponding to g µν . Then we find −g (4) = r 2 0 e −2φ sin θ −g (2) for S 2 , −g (4) = r 2 0 e −2φ −g (2) for R 2 and −g (4) = r 2 0 e −2φ sinh θ −g (2) for H 2 . The integration of ϕ (0 ≤ ϕ < 2π) and θ (0 ≤ θ ≤ π for sphere and 0 ≤ θ < ∞ for hyperboloid) or (y, z) for R 2 give 4π for S 2 and an infinite constant for R 2 or H 2 .
In the metric ansatz (11), not all the spin connections vanish. The nonvanishing spin connections do not appear in the action of the Majorana fermion ψ. Therefore we find in the metric (11) One finds
Here C = 4π for S 2 and C is an infinite constant for R 2 or H 2 . Then if
, we obtain
. (13) Here ψ (2) is the usual spinor (with mass dimension 1/2) in 2d. And we abbreviate the suffix "(2)" in the following if there is no confusion. The action (13) describes 2d dilaton coupled spinor which is still conformally invariant one. The corresponding 2d dilaton dependent conformal anomaly has been calculated in ref. [14] as follows
where c = N 12π
. Notice that this is an anomaly of two-dimensional quantum spinor. The anomaly induced EA in this case has been also found in ref. [14] in non-local, covariant form. It is more convienient for our purposes to use local, non-covariant form of anomaly induced EA.
We suppose that two-dimensional metric in Eq. (13) is chosen in the same way as 4d metric in (3), i.e. g µν = e 2σḡ µν . Then R = e −2σ R −△σ ,
φ. Then Eq.(4) looks as
Integrating over σ, one finds the anomaly induced EA in generalized s-wave approximation (we call it generalized s-wave one because 4d metric is compactified to S 2 ,or to H 2 , or to R 2 )
The corresponding covariant, non-local expression looks as [14] 
The remarkable property of dilaton coupled spinor is that W gives the complete one-loop EA [14] (up to non-essential constant) on the arbitrary dilatongravitational background. No conformally invariant functional is necessary for 2d dilaton coupled spinor unlike 4d case. Notice also [14] that the effective action (17) for 2d dilaton coupled spinor gives natural realization of RST model [15] which represents the extension of CGHS model [16] on quantum level.
Some remarks are in order. We got the effective action (16), (17) in generalized s-wave approximation. It means that we first did reduction (11) of classical matter action (13) . Then we neglected the dependence of quantum EA from two coordinates (dΩ). The "memory" on 4d space came through dilatonic factor which appeared in Eq. (13) . The Lagrangian (13) describes now 2d quantum theory. s-wave EA comes from this 2d quantum theory. As reduction and quantization do not commute, generally speaking, it is clearly that such s-wave EA is not the same as 4d EA. Nevertheless, it is usual hope that such s-wave effective action still qualitatively well (in some sense) describes 4d physics. Moreover, it should have some relation with true effective action (for an introduction, see [17] ) which is not available usually. For example, the standard guess is that s-wave EA gives some approximation for complete 4d EA.
Our purpose now will be to calculate EA (16) , (17), in s-wave approximation on the same two backgrounds where 4d anomaly induced EA (5), (6) is calculated and to compare them.
First of all, we consider conformally flat space, i.e., 2d metricḡ µν = η µν , σ = σ(η) and in Eq.(11) dΩ corresponds to 2d flat space while φ = −σ. Anomaly induced action (16) at such conditions is
As one can see there is no even qualitative correspondence with 4d anomaly induced EA (9) where we have only the derivatives of fourth order while in (18) of second order. However, it is not the full story. That is due to our background choice one gets no second order derivatives in 4d anomaly induced EA. It is not difficult to find anomaly induced 2d EA for the second example background discussed in 4d case above. Then
This again gives complete one-loop EA. Again, this anomaly induced EA and 4d EA (10) do not agree even in the number of derivatives. The explicit correspondence is difficult to check as in 4d case one has unknown conformally invariant functional completing EA. However, imagine that we are in a situation where one can argue that higher derivatives terms in 4d EA may be omitted (for example, adiabatic expansion, i.e. slowly varying fields). Then in such approximation one can see that only terms with two derivatives survive in Eq. (10) . Moreover, the structure of these terms remarkably repeats the structure of above 2d EA. Both these EAs are proportional to number of spinors. It is clearly seen from Eq.(10) (we take R Ω = 2)
where higher derivative and constant terms are dropped. Trivial dimensional transformation should be done in order to present it in 2d form. As we see signs and coefficients do not match, of course. One can expect that after the calculation of the conformally invariant functional in complete 4d EA the approximation may become better. Hence our main conclusion is that s-wave EA may be still relevant to 4d physics. However, it should be possible only for gravitational backgrounds where no higher derivatives terms approximation to EA is valid.
